SIMPLE MODULES WITH CHARACTER HEIGHT AT
MOST ONE FOR THE RESTRICTED WITT ALGEBRAS

RANDALL R. HOLMES

ABSTRACT. The simple modules with character height at most one for the restricted Witt al-
gebras are considered. Their classification, construction, and dimension formulas are reduced
to the same for the general linear algebra. Results of Chang and Shen are recovered in the
process.

0. INTRODUCTION

Fix n > 1 and let W = W (n, 1) be the restricted Witt algebra over an algebraically
closed field F' of characteristic p > 5. Let x € W* = Homp (W, F). A W-module M has

character x provided
DP .m — DIPL.m = x(D)Pm

forall D € W, m € M. Not every module has a character, but at least every simple module
has one [SF, Theorem 2.5, p. 207]. Note that restricted modules have the character xy = 0.

Let W = Zsz be the standard grading on W and put W* = i>i Wi Implicit in
Chang’s work [C], but first defined for the algebra W (1,1) by Strade in [St], is the useful
notion of the height ht x of the character x:

ht y = min{i > —1|x(W") = 0}.

In this paper, we classify the simple W-modules having character x of height at most
one (i.e., with ht y € {—1,0,1}) and compute their dimensions (up to the corresponding
data for the simple modules for Wy = gl,,(F')). The determination of the simple restricted
modules (i.e., the case ht y = —1) was completed by Shen in [Sh]. Also, Chang [C]
constructed the simple modules (with arbitrary character) for W (1,1) and Koreshkov [K]
obtained some results in regard to the simple modules for W (2,1). We give a uniform
treatment of the three cases ht y = —1,0,1 and recover some of these authors’ results in

the process.
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We begin in Section 1 by determining a convenient representative for the orbit of x
under the conjugacy action of the group of (restricted) automorphisms of W. For our
purposes, x may often be replaced by this character, with the advantage being that certain
arguments are thus simplified. In Section 2, we show that most of the simple modules are
obtained by starting with a simple Wy-module, extending the action trivially to W, and
inducing to W. (It is this construction that requires our main assumption ht y < 1.) In
Section 3 we consider the few exceptional cases where these induced modules are not simple
and determine their structures by identifying them with the terms in the usual de Rham
complex for W (or a modified such complex in the case ht x = 0). Finally, in Section 4 we
assemble the results and state the main theorems.

I thank Dan Nakano for a couple of conversations that prompted this research. I also
thank the referee for some helpful suggestions.

1. CHARACTER ORBIT REPRESENTATIVES

Let a,b € Z™. We write a < bif a; < b; for all 1 < i < n and we write a < bifa <b
but a # b. If a,b > 0, define (Z) =1L (Z), where (Z) is the usual binomial coefficient
with the convention that (Zz) = 0 unless b; < a;. Set A ={a € Z"|0 < a < 7}, where
7:=(p—1,...,p—1). The divided power algebra 2 is the associative F-algebra having

F-basis {x(?) |a € A} and multiplication subject to the rule

@) () _ (a + b)xcwb),
a

where (%) := 0 if ¢ ¢ A.

For each 1 < ¢ < n, let D; denote the derivation of 2 uniquely determined by the
property D;z(®) = z(¢=¢) where ¢; is the n-tuple with jth entry di; (= Kronecker delta).
Then the Witt algebra W is the restricted Lie algebra Derp2 = ) 2AD;, which has
F-basis {2(® D;|a € A,1 <1i < n}. The bracket product in W satisfies

@D, 2" D,] = (a +b— €i> platb—e . _ (a + ’2— Gj)x<a+b_€j)Di7
a

and the p-mapping is p-fold composition: DIP! := DP (D € W). Putting z; = (), we
have (xiDi)[p] = x;D; and (x(“)Di)[p} =0ifa#e¢ (1 <i<n).

Given a € Z", set |a| = 3, a;. Defining 2, = (2(*)|a € A,la] = k) and W}, =
>~ Ukr1D; we have A = ZZ:EQlk and W = Zzz_lwk, where s = n(p—1)—1. Moreover,
A € Wy, Wi, Wi] € Wiy, and (Wy)lP! € Wi (k,1 € Z). In particular, W is a
restricted Lie subalgebra of W3 it is isomorphic to the general linear algebra gl,(F) via
the map x;D; — e;; (= n X n-matrix with 1 in the (¢, j)-position and zeros elsewhere).
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Let ¢ : V. — U be a linear transformation of vector spaces over F. Denote by ¢* :
U* — V* the dual (transpose) map given by [¢*(f)](v) = f(p(v)) (f € U*, v € V). If
V =>.Viand U = ), U, are gradings, we denote by ¢; the restriction of ¢ to V;, and
we say ¢ is homogeneous provided ¢(V;) C U; for each 1.

Following Wilson [W], we use Aut® 2l to denote the group of homogeneous automor-
phisms of 2. We write Aut W for the group of automorphisms of W. Note that, since W
is centerless, each ® € Aut W is automatically restricted, meaning ®(DP!) = &(D)P! for
all D € W. Putting Aut*W = {® € Aut W | ® is homogeneous } and Auty W = {® €
Aut W (® — 1w)(W;) C 32,5, Wj for each i}, we have Aut W = Aut™ W x Auty W [W,
Theorem 2 and its following remark].

The space 4y has basis {z1,...,x,}. Since D;z; = §;;, we can regard {D1,...,D,}
as the dual basis of {z1,...,z,} and hence identify W_; with 2. The following result is
essentially an extraction of a portion of a proof in [W] which we will require.

1.1 Lemma. The function Aut* W — GL((W_1)*) given by ® — ((®_1)*)~1 is a group

1somorphism.

Proof. According to [W, Theorem 2(b, ¢)|, we have an isomorphism Aut* W — GL(2(;) =
GL((W_1)*) given by ® +— 1, where ¢ is the unique element of Aut™ A (= Aut™ (A, W)
as defined in [W]) satisfying ®(D) = @Dy ~! for all D € W. Therefore, it suffices to show
that ®_; = (¢;')*. For D € W_;, we have im Dp; ' C F C 2. Therefore, since ¢ fixes
the elements of F, we have ® (D) = ¢Dp;* = Doy = (o7 1)*(D) for all D € W_4
(= (21)*), and the proof is complete. [

The group Aut W acts on the set W* according to the rule x*(D) = x(®(D)) (x € W*,
® e AutW, D e W).

1.2 Theorem. Let x € W*.
(1) If ® € Aut W, then ht x® = ht x.
(2) If x_1 # 0, then there exists ® € Aut* W such that x*(D;) = 6, (1 < i < n).
(3) Ifhtx = 1, then there exists ® € Aut W such that x®*(W_1) = 0 and x®(z;D;) =0
foralll1 <i<j<n.

Proof. (1) Since Aut W = Aut* W x Aut; W, it is enough to check the two cases ® €
Aut® W and ® € Aut; W, each of which is clear.

(2) Assume y_1 # 0. Let n be the element of (W_1)* given by n(D;) = §;, (1 <i < n).
By elementary linear algebra, there exists ¢ € GL((W_1)*) such that ¢¥(n) = x—1. By
1.1, there exists ® € Aut* W such that ((®_1)*)~! = . Then (x®)_1 = (®_1)*(x_1) =
P (x-1) = .

(3) Assume ht(x) = 1. First suppose x—1 # 0. By parts (1) and (2), we may assume
X(D;) = din, (1 <7 < n). Since xo # 0, we have x(z;D;) # 0 for some 1 <i,j < n. We

<
X
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assume 7 to be chosen maximal with respect to this property. Set ¢ = X(xiDj)_12_5i".
According to [W, Theorem 1], there exists ® € Aut W such that ®(Dy,) — [cx;2,Dj, Dy] —
Dy, € W for each k. Since ht y = 1, we have x(W?) = 0. Therefore,

X" (Dr) = x(®(Dy)) = ex([wizn Dy, Di]) + x(Dx).

If k # n, then x([z;z,Dj, Dx]) = 0 (using maximality of i), which implies x*(Dy) = 0.
Also, [7;2,Dj, Dy) = —2%"2;D;, so x®(D,,) = 0. Therefore, we may assume x(W_1) = 0.
Let D € Wy. We have D = > b;jz;D; and xo = > cij(x;D;)* (bij,ci; € F), where
(x;D;)*(xpDy) = dixdji. Set B = (b;j) and C = (¢;;). It is easy to check that xo(D) =
tr‘CB, where 'C denotes the transpose of the matrix C. Choose G = (g;;) € GL,(F)
such that GCG™1 is lower triangular. Let ¢ € GL(2(1) be given by v (z;) = Y., gjiz;. As
in the proof of 1.1, there exists ® € Aut® W such that ¢; = 1, where ¢ is the unique
element of Aut* 2 satisfying ®(E) = pEp~! for all E € W. Computing, we have

X®(D) = x(®(D)) = x(¢D¢™") = xo(p1De1 ") = xo(vDyp ™)
— ! C({GB'G™Y) = (G~ CIG)B = tr (GOG1) B.

Since *(GCG~1) is upper triangular, it follows that x®(D) = 0 if B is strictly upper
triangular, in particular if D = z;D; with 1 < i < j < n. Finally, since ® € Aut* W, we
have x®(W_1) = x(W_;) =0. O

The second part of the proof of 1.2(3) shows essentially that for ¢» € gl (F)*, there
exists ® € Aut(gl, (F)) such that 1)® vanishes on the upper triangular matrices. This was
already observed in [FP, Section 1.4]. We remark also that a complete set of representatives

for the character conjugacy classes in the case W = W (1, 1) was determined by Feldvoss
and Nakano in [FN, 3.1].

2. SIMPLE INDUCED MODULES

In this section, it is shown that, with a few exceptions, the simple W-modules with
character height at most one can be realized as certain induced modules ZX(S).

Let x € W*. Generalizing the construction of the restricted enveloping algebra u(W)
of W, one defines the x-reduced universal enveloping algebra of W, denoted u(W, ), by
forming the quotient of the universal enveloping algebra U(W') of W by the ideal generated
by {DP — DPl — \(D)P1r | D € W}. (Note that uw(W,0) = u(W).) Just like with u(T), the
vector space u(W, x) possesses a PBW-type basis. The u(W, x)-modules are precisely the
W-modules having character y. Let V' be a restricted subalgebra of W. Then y restricts
to an element of V* which we continue to denote by y. The algebra u(V, x) identifies with
a subalgebra of u(W, x) in the natural way. (See [SF, Section 5.3] for more details.)
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There are standard restricted subalgebras of W that will be referred to throughout the
paper. They are

Ny =Y Fa;D;, H= ZFJ?Z-DZ-, No=> Fu;D;,

i>j 1<j
N~ =Nj +W_y, N =Ny +Wh B=H+N.

Note that we obtain a triangular decomposition W = N~+H+N.

Let M be a B-module. Let A € F™ and set My ={m € M |x;D; -m = \;m for all 1 <
i <n}. An element of M) is a weight vector (of weight \). A nonzero m € M, is a maximal
vector (of weight \) provided N - m = 0.

Now suppose M has character x and let 0 # m € M. Then )xfm —Am = (x;D;)P-m—
x;D;-m = x(x;D;)Pm implying A € AX :={A € F" |\ —\; = x(2;D;)P for all 1 <i < n}.
In particular, if M has a maximal vector of weight A, then necessarily A € AX. Note that
if X(H) =0, then AX =F} =: A, where [F,, is the prime subfield of F.

2.1 Lemma. Let x € W* with x(N) =0 and let M be a u(W, x)-module. The following

conditions are equivalent:

(1) M is nonzero and is generated by each of its mazximal vectors,
(2) M is simple.

Proof. Assume (1) holds and let M’ be a nonzero submodule of M. Choose a simple
B-submodule S of M’. Now Ny is a p-nilpotent ideal of H + Ny and the grading on W
is restricted, so N is a p-nilpotent ideal of B. Since S has character x and x(N) = 0, it
follows that for each D € N, we have DP' .S = DP' .8 =0 for some [ € N. Therefore,
N -S =0 [SF, Corollary 3.8, p. 19]. This implies that S is simple as H-module. Since H is
abelian, S must be one-dimensional [SF, Lemma 5.6, p. 31], so S = F'm for some nonzero
m € S. Clearly m is a maximal vector. By assumption, m generates M, so that M’ = M.
Thus (2) holds.
Since a maximal vector is nonzero by definition, the other implication is obvious. [

Since W1 «W?, any Wy-module becomes a W%module via the canonical map W —
WO /Wt = W,. In particular, a Wy-module can be viewed as a B-module; the notion of
maximal vector applied to this situation is the classical one (recalling that Wy = gl (F')).
For A € A, let Lo(A) be a restricted simple Wy-module having maximal vector of weight A.

For any u(W?, x)-module M, the induced u(W, x)-module ZX(M) is defined by

ZX(M) = u(W, x) Ou(Wo,x) M.

By the PBW theorem, any v € ZX(M) can be expressed uniquely in the form v =
> uea D* ® m, with m, € M, where D® := [[, D{".
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If hty < 1 and M is a u(Wy, x)-module, then, since x(W?') = 0, M has character
x when viewed as a W%module as above, so that ZX(M) is defined. If ht y < 0, then
ZX(Lo(A)) (A € A) is defined and we denote this module simply by ZX(\).

2.2 Proposition. Let y € W* with ht x < 1 and let M be a simple u(W, x)-module. Then
M is a homomorphic image of ZX(S) for some simple u(Wy, x)-module S.

Proof. M has a simple u(W?9, x)-submodule S. Now W' <W? so arguing just as in the
proof of 2.1(1), we deduce that W1 acts trivially on S. This implies that S is a (simple)
u(Wo, x)-module (see the discussion after 2.1). The inclusion map S — M is a u(W?9, x)-
homomorphism, so it induces a u(W, y)-homomorphism ZX(S) — M, which is surjective
since M is simple. [

Before presenting the main result of the section, we need a technical lemma. The first
part follows from [SF, Proposition 1.3(4), p. 9], and the second part is an easy consequence
of the bracket product in W.

2.3 Lemma. The following formulas hold in the algebra u(W, x):
(1) (@*0D)Df = 4o (~D* () Di (@ P0D;) (a0 € ZF, 1< i j <),
(2) (x(erkez)Dj)Dk — Dk($(5i+EL)Dj) _ x(€i+€l—€k)Dj (1<i,5,k1<n). O

For 0 < k < n, set w = —Z?:kﬂ €; € A. The weights wg,w1,...,w, are called
exceptional weights.
Recall that Ny =, Fa;D;.

2.4 Theorem. Let x € W* with ht x < 1, let M be a u(Wy, x)-module, and let v be a
mazimal vector in ZX(M) of weight \.

(1) If x(Ny ) #0, then v =1® m for some mazimal vector m € M.
(2) If M has no mazximal vector of weight wy, then either v =1® m for some mazximal
vector m € M, or M has a mazximal vector of weight wy for some 1 < k <n and

we have X\ = wi_1.
Proof. Write v =3 ., D*®m, with m, € M. For each 1 < i < n, we have, using 2.3(1),

ZD“ ® Aimg = A\jv =2;D; - v = ZD“ ® (ziD; - Mg — aimyg).

Therefore, z;D; - m, = A(a);m, for each i and a, where A(a); := \; + a;.
Step 1: If mq # 0, then a; € {0,1,p — 1} for each i, and A(a); = (a; —1)/2 if a; # 0.

First, since N -v =0 and W!- M = 0, we get, using 2.3(1),

0=2a239)D, . v= Z [(2’) — ai)\(a)i} D% @ m,.

a
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This implies that, if m, # 0, then either a; = 0 or A(a); = (a; — 1)/2. Similarly,

— pBe) . L, — (% @i . a—2¢;
0=z D; v—;[ (3)+(2>>\(a)2]D ® My,
from which it follows that, if m, # 0, then either a; € {0,1} or A(a); = (a; — 2)/3.
Now assume m, # 0 and a; ¢ {0,1} for some i. By the preceding remarks, we have
(a; —1)/2 = X(a); = (a; — 2)/3 (in F), whence a; = p — 1. This finishes step 1.

Step 2: Assume that either x(Nj ) # 0 or M has no maximal vector of weight wy. If
me 7# 0, then a € {0} U {ex |1 < k < n}.

Fix i # j. 2.3(1) yields
€i a—e; a; a—2¢;+e€;
(1) 0=z )Djm:—;aiD ®xiDj-ma+;<2)D 26T @ myg.

Let a € A and assume a; = p — 1 and a; # p — 1. Then (azi)Da*%i*ej # 0. We contend
that the term (“;)Da’*%i*ei ® m, in the above expression does not cancel with any other
terms (thus forcing m, = 0). First, if Da72¢%¢ = Db=2¢+¢ for some b € A, then clearly
b = a. Next, assume D® 26+ = DV=€ for some b € A. Then a — 2¢; + €; = b —¢; (since
a; # p—1), implying a; —2 = b; — 1, or, in other words, b; = a; —1 = p— 2. But then step
1 says mp = 0 (since p > 3). We conclude that no cancellation occurs and hence m, = 0.
We have shown that if m, # 0 and a; = p — 1 for some %, then a; = p — 1 for all j. Set
T=(p—1,...,p—1). We claim that m, = 0. Suppose instead that m, # 0. For i < j,
2.3(1) gives

(2) 0= ZI?iDj V= ZDa & .’BiDj Mg — Z aiDa_GH—ej & mMeg.

Arguing as above, we conclude that z;D; - m, = 0 so that m, is a maximal vector. By
step 1, m, has weight wy. Checking the assumptions of step 2, we see that it must be the
case that x (V) # 0, so that x(x;D;) # 0 for some i > j. Since (z;D;)? -z = x(x;D;)Px
(x € M), it follows that a;D; - x # 0 for each nonzero € M. In particular, z;D; - m, # 0.
Therefore, the term D™~ ® z;D; - m, in equation (1) is nonzero, and it is easily seen that
it does not cancel with any other terms. This is a contradiction. Therefore, the claim that
m, = 0 is established.

So far, we have shown that if m, # 0, then a; € {0,1} for each i. Let a € A and
assume a; = 1 = a; for some i < j. Then a;D* "% 2 0 and the term a; D" “1% ® m,
in equation (2) does not cancel with any other terms (for if D¢~%+% = D’ for some
b€ A, then a — ¢; + ¢; = b, implying b; = a; + 1 = 2, whence m;, = 0). Thus m, = 0.
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Summarizing, if m, # 0, then a; € {0,1} for each i, and a; = 1 for at most one i. This
completes step 2.

Step 3: Completion of proof.

(1) Assume x(N; ) # 0 so that x(xz;D;) # 0 for some ¢ > j. By step 2, we have
v =1®my+ >, D ®me,. Equation (1) gives 1 ® x;D; - m,, = 0, which implies
me, = 0 (using the argument in the proof of step 2). Then using 2.3(2), we get, for each
k, -1®x;Dj-me, = x(EiJrek)Dj -v = 0, implying m,, = 0. Hence, v = 1 ® mg and, since
v is a maximal vector, so is my.

(2) Assume M has no maximal vector of weight wy. Again, step 2 applies to give
v=1®mo+ > . D ®@me,. If m¢, =0forall 1l <k <mn,thenv=1&®myand my is a
maximal vector. So assume m,, # 0 for some 1 <1 < n. Assume further that [ is the least
such integer. We shall show that

3) Aa) = { & ash

1, il

If i <1, then 0 = x5t D; v = —\(¢)il @ me, by 2.3(2), so A(e;); = 0. Next, we note
that, for j < i, 2.3(1) gives

0, Jj <l

4 O=x;D;-v=1 D, - D iDi - me, —
(4) T v ® x; mo-i—z k QT Me,, {Di®m€j, sl

k>l
Let ¢ > [. Setting j = [ in equation (4) we find that x;D; - m¢, = m,,. In particular,
me, # 0, so step 1 says A(e;); = 0, that is, z;D; - m¢, = 0. Therefore, z;D; - m¢, =
x;D; - (x;D;-me,) = —x;D; - me, = —m,, implying A(¢;); = —1. This establishes equation
(3). Equation (4) also shows that z;D;-m., = 0 whenever j < i, implying m., is a maximal
vector. By equation (3) its weight is w;. Finally, D; ® m,, has weight w;_1, which implies
that the weight A of v is w;_1 as well. [

Let g be a restricted Lie algebra. Let ® € Aut(g) and let M be a g-module. Denote
by M?® the g-module having M as its underlying vector space and g-action given by
x-m = ®(x)m (x € g, m € M), where the action on the right is the given one. Clearly,
M? is simple if and only if M is. Also, it is easy to check that if M has character x, then
M?® has character x®.

From the description before 1.1 of Aut W, we see that any ® € Aut W restricts to an
automorphism of W0 (resp., W1), which we continue to denote by ®. The next proposition
will allow us to reduce certain arguments to the situation of 2.1.

2.5 Proposition. Let x € W* and let ® € Aut W.
(1) If M is a w(W°, x)-module, then [ZX(M)]® = Z2x" (M®).
(2) Ifhtx <0, then [Z2X(w)]® = 2% (wy) (0 < k < n).
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Proof. (1) Let M be a u(W?°, x)-module. As noted above, [ZX(M)]?® is a u(W, x®)-module.
Its subspace 1® M is a u(W?, x®)-submodule isomorphic to M®. Moreover, a u(W9, x*)-
isomorphism M® — 1®M induces a u(W, x*®)-homomorphism ¢ : zx" (M®) — [ZX(M)]®,
which is necessarily surjective since 1® M generates [ZX(M)]®. Finally, both modules have
dimension p" dimp M, so ¢ is an isomorphism.

(2) First, we describe the usual concrete realization of the Wy-module Lg(wy). Recall the
isomorphism Wy 2 gl, (F') =: g. Let V' be the natural module for g. It is well known that
Vi = /\f:1 V' is a simple restricted g-module with maximal vector of weight (1,..., %, 0,

..,0). (V consists of n-dimensional column vectors. If v; is the column vector with 1 in the
ith position and 0’s elsewhere, then vy A- - - Avy is clearly a maximal vector of the indicated
weight in Vi.) Let T denote the one-dimensional trace module for g (I" = Fv with zv =
(trx)v for x € g). Then Lo(wg) 2 TP 1@V, where TP~ = T®@p---®@p T (p—1 factors).
Indeed, TP~! @ V} is clearly simple (since Vj, is) and it contains vP~! @ (vy A--- Awvg), a
maximal vector of weight (p—1,...,p—1)+(1,...,%,0,...,0) = (O,...,g,—l,...,—l) =
Wi -

Assume ht y < 0. By (1), it suffices to show that Lo(ws)® and Lg(wy) are isomorphic
as modules for u(W0, x) = u(W?). Because W1 acts trivially on Lo(ws), we may assume
d € Aut*W. Let o € Aut* A be as in the proof of 1.1, so that ®(D) = @Dy~ for all
D € W. We view ;7 as an element of GL(V') by identifying the vector space V with
A, via v; — x;. Then, with the usual diagonal action of GL(V') on Vi, we have that
VP ® 1 - (V1 A+ Avyg) is a maximal vector in (TP~! @p Vi,)® = Lo(wi)?® of weight wy.
Since Lo(wy)? is simple, we have Lo(wg)® = Lo(wy) as desired. [

2.6 Corollary. Let x € W* with ht x < 1, and let S be a simple u(Wy, x)-module. If S
is not Wy-isomorphic to any Lo(wy) (0 < k < n), then ZX(S) is simple. In particular, if
ht x = 1, then ZX(S) is simple.

Proof. If ht x = 1, then x(Wy) # 0, implying S is not restricted and hence not Wy-
isomorphic to any Lo(wk) (0 < k < n). Therefore, it suffices to prove the first statement.

In view of 2.5 (and its proof), we may replace x with any convenient conjugate x?,
® € Aut W. Then by 1.2 we may assume x (V) = 0.

Assume S is not Wy-isomorphic to any Lg(wg) (0 < k < n). Let v € ZX(S5) be a
maximal vector of weight, say, A. By 2.1, it is enough to show that v generates ZX(S5).

First assume x(N; ) # 0. By 2.4(1), v =1 ® m with 0 # m € S. Since m generates S,
it follows that v generates ZX(S).

For the remainder of the proof, assume x(N; ) = 0. Suppose ht x < 0. Then § is
restricted and hence, by assumption, does not contain a maximal vector of exceptional
weight wy, for any k. Therefore, 2.4(2) says v is of the form 1 ® m with 0 #m € S, and v
generates ZX(.S) as before.
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Finally suppose ht x = 1. Then x(z;D;) # 0 for some i. As pointed out before 2.1,
A € AX, s0 \; is a solution of AY — \; = x(z;D;)P. In particular, A\; ¢ {0,1}. This shows
that A is not exceptional. Once again, 2.4(2) says v is of the form 1 ® m with 0 #m € S
and the proof is complete. [

3. EXCEPTIONAL SIMPLE MODULES

Here, we study the structure of those induced modules that were not included in 2.6,
namely, the modules ZX(wy) with 0 < k < mn, ht x < 0. When ht x = —1 (the restricted
case), these modules are isomorphic to the terms in the usual de Rham complex for W and
the properties of the complex have been used to determine the structure of the induced
modules (see [Sh], [N]). In order to handle the case ht y = 0, we define a more general de
Rham complex—one depending on Y.

For this entire section, we fix x € W* and assume ht x < 0. Set

AX = Homu(WO)(u(W, X), F),

where F is the trivial W% module. For any n-tuple a of nonnegative integers, put D% =
[1; D{. Since u(W,x) is a free left u(W?)-module with base {D*|a € A} (by the PBW
theorem), we get an F-basis {y(*) |a € A} of 2X by defining 3 (vD?) = €(v)d4p, where
v € u(W? and € : w(W° — F is the augmentation homomorphism, which satisfies
e(D) =0 for all D € WP.

For any b € Z", there exist unique v € A, b* € (pZ)™ such that b = b° + b'. We extend
the notation of the previous paragraph by defining for b € Z"

NONS { X(D)~y® b <1,
0, otherwise,

where x(D)¢ := ], x(D;) for ¢ € Z", ¢ > 0 (with the convention 0° = 1), and where
1 0

T=(p—1,...,p—1) as before. From the definition of u(W, x), we have D¢ = x(D)¢ D¢
(ceZ™ ¢>0), and therefore,

y® (vD) = e(v)x (D)~ G0 c0

(veuW?),b,ceZ™, b<T1,c>0).
We extend the definition of the binomial coefficient (,i) to arbitrary [, k € Z in the usual

way:
=D)(=kt))  p

I T k(k—1)--1
(-1

0, k<0
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(and put (3) =TI, (Zl) for a,b € Z™). The standard identity

(lzl):</i>+(k:11)

is easily seen to be valid for all [,k € Z. Using the easily checked identity (,i) =
(—1)k(_l+kk_1) for the case [ < 0, we see that (,i) is always an integer. The proof of

the following lemma is straightforward.

3.1 Lemma. Let k,l,m € Z.

(1) If0<k<p,l<p, and k+1> p, then (kkﬂ) =0 (mod p).
(2) If0<k <pandl=m (mod p), then (}) = (7) (mod p). O

Let A : UW) — UW) ®r U(W) be the usual comultiplication, which is induced
by D~ D®1+1®D (D € W). The composition U(W) & UW) @p UW) %
u(W) @p u(W, x) sends DP — DPl — x(D)P (D € W) to zero and hence induces a map
A u(W, x) — u(W) @p uw(W, x) which makes u(W, x) into a left u(WW')-comodule.

For x € A%, y € AX, define zy : u(W,x) — F by (zy)(u) = 2@y(A’(u)). (Here,
x®y(u; ® uz) := z(u1)y(uz).) One easily checks using [SF, p. 125, last paragraph], that
xy € AX. In the case xy = 0, this gives an associative product on A°, the associativity
coming from the coassociativity of A, and thus A° becomes an associative algebra. In
turn, for general y the above product makes 2X into a left A°-module. Similarly, X
becomes a right 2A°-module.

If x = 0, then y® =0 for b ¢ A. (Indeed, if b £ 7, then y(®) = 0 by definition, and if
b <7 and b # 0, then b* # 0, so y®) = O(D)_bly(bo) = 0.) Therefore, since z(*) = 0 for
b ¢ A as well, we obtain a well-defined vector space isomorphism A° — 2 via y(® — 2(®)
(b € Z™). We use this isomorphism to identify these two spaces. It follows from the next
result that this is actually an algebra isomorphism. (We retain the notation y(® for the
aforementioned basis vector of 2X with x our arbitrary fixed character.)

3.2 Lemma. Ifa,beZ" and a < 7, then z(¥y®) = (a:b)y(a%).

Proof. Let a,b € Z" and assume a < 7. We first note that if a,b € A, then the formula can
be derived just as in the proof of [SF, Lemma 5.7(2), p. 131]. We will use this observation
to establish the general case below.

If a # 0, then z(®) =0, and also (a:b) = 0 by the definition of the binomial coefficient, so
both sides of the equation equal zero if a ¢ A. Therefore, we may assume a € A. If b £ 7,
then a4+ b £ 7, and so y® =0 = y(@+?)  giving the lemma. Hence, we may assume b < 7.
From the previous paragraph, we get z(®y(®) = X(D)_blx(“)y(bo) = X(D)_b1 (atbo)y(“’%o).
If a + b ¢ A, then (“zb) = (“ero) = 0 (in F'), using 3.1(2) then 3.1(1), so the lemma

a
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holds. On the other hand, if a +° € A, then (a+b)° = a+b° and (a+b)! = b', implying
a+b° —(a E a 0 a a
a(@y®) = ( J;b )x(D)~(@t0) g (a40)%) — ( :b)y< )0

For reference, we state a generalization of the standard binomial coefficient identity
stated before 3.1; the proof is straightforward.

3.3 Lemma. (atei) = (Z) + (b_aei) (a,beZ™, 1<i<n). O

2AX is a coinduced u(W, x)-module; the W-action is given by (D-y)(u) = y(uD) (D € W,
y € AX, u € u(W, x)). (The next result shows that when x = 0 this action coincides with
the usual action of W on the divided power algebra 2.)

3.4 Proposition. If 1 < i <n,a € A, and b € Z" with b < 7, then (¥ D; - y(® =
(a+b—ei)y(a+b—ei) )

Proof. Assume the hypotheses. One checks by induction on ¢ € A that in the algebra
u(W, x) we have the formula

Dc(x(a)Dl) = Z (C) (x(a_e)D,L')Dc_e,
(&

0<e<aNc

where (a A ¢) € A satisfies (a A ¢); = min{a;,¢j}. Then, for v € u(W?), ¢ € A, we have

@Dy eD) =y D D) = (D) S () elate D)D)

0<e<aANc
— <C> X(D)(c—a+ei)1—ble(v)5b07(c_a+€i)o
a
b— i 1 N1
_ (CL + € )X(D)C —(a+b—€1) E(,U)(S(a_’_b_ei)o’co
a
a-+>b__€i a+b—e; c
= ( >y( ) (wDe),
a
where, for the third equality we have used that (=) D; € W9 unless e = a, and for the
fourth equality we have used that r® = s% implies 7! — s' = r — s (1,5 € Z"), as well as

3.1(2). The lemma follows. [
3.5 Corollary. Letx €, yeAX, D e W.

(1) (xD)-y=z(D-y),
(2) D (zy) = (Dx)y +x(D - y).

Proof. We may assume z = (¥, y =y®) D = x(C)Dj, with a,b,c € A, 1 <j <n.
(1) We have

(D) -y = (a+6)x(“+C)DJ~ ) = (a+c) (a+c+b—ej>y(a+c+b_€j)7
a a a+c
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using 3.4 if a + ¢ < 7, and the fact that (“7°)1p =0 if a+c £ 7 (3.1(1)). On the other
hand,

CH+b—€6\ (4) (ctbec. ct+tb—¢€\[{a+c+b—6€\ (gictbec.
:I:(D-y):< . J)x( )ylett J):( . J)( . J)y(++b i),

using 3.4, then 3.2. The desired equality now follows easily from the definition of the
binomial coefficient.
(2) Using (1), we reduce to the case D = Dj;, with 1 < j <n. Then

a+b a a+b\ (atb_e.
D-(w)z( . )Dj-y( “’):( . )y( o),

while

. ) —€:+0b +b—c¢€; '
(Da)y + (D - ) = 2@ y®) 4 gl@)yb—ei) _ KG € ) N (a 63)] Jarbei)

a—e€; a
The desired equality now follows from 3.3. [

We continue to view W and 2 as left 2-modules in the natural way and set €3 =
Homg (W,2(). Then Q; is a free A-module with base {dx1,...,dz,}, where d : A — ) is
given by dz : D — Dz (x € A, D € W). Q; becomes a (restricted) W-module by defining
D-p=Dop—go(adD) (D e W, pe Q) (cf. [BW, p. 125]). The following formula is

routine to verify.
3.6 Lemma. z(¥D, - de; =08 14 z@=)dy, (a € A, 1<i,j<n). O

The exterior algebra 2 of € over 2 is a W-module with W-action extended from
the actions on €7 and 2 subject to the rules D - (v Aw) = (D -v) Aw+v A (D -w),
D (zv) = (Dx)v+x(D-v) (D e W,z e, and v,w € ). We have Q = ZZZOQk,
where 0 is the k-fold exterior power of 2; over 2. € is a W-submodule of €; it has
F-basis {z(¥dz, |a € A,y €Ty}, where Ty, :={y € Z¥ |1 <y <y < -+- <, < n} and
dry = dxy, N Ndxsy,.

Set QFf = AX @y Q. By the right-hand analog of 3.2, AX is a free right 2-module with
base {y(®}. (In fact, 3.2 shows that X is isomorphic to 2 as left (resp., right) A-module.)
Therefore, QY is a free left A-module with base {y(®) ® dz., |y € 'y} and hence it has
F-basis {y¥ @ dv, |a € A,y € Ty}

The tensor product 2AX @  becomes a W-module in the usual way: D - (y ® v) =
D-yy@v+y® (D -v) (DeW,yeAdX ve Q). By using 3.5(2), one checks that this
action induces a well-defined W-module structure on 2AX ®g Q) = Q. Clearly, QY has
character y. Putting the above action together with 3.6 gives the formula in the following
proposition.
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3.7 Proposition. If1<i k<n,vy€ly, a€ A, and b€ Z"™ with b < T, then

29D, - (y® ® da.) :(a +b— Ei)

y(a+b76i) ® dxv
. el (G 6T b) (a—e;+b) .
+ dicy ngw( 1) < a— ¢ y ® drp\pyus. U

In this proposition and below, if P is a statement, then we define dp to be 1 if P is true
and 0 otherwise. Also, we abuse notation slightly by viewing the k-tuple v as a set. Then
5 ={l € 7|l is between i and j} and (v\7)Uj is the k-tuple obtained by replacing ¢ with
7 and reordering; it is the reordering that accounts for the sign (—1)‘”7‘| in the proposition.

Recall that ZX()\) := u(W, x) ®uwo) Lo(A), where Lo(A) is a simple restricted Wo-
module having maximal vector of weight \.

3.8 Proposition. QY = ZX(wy) (0 <k <n).

Proof. Let the notation be as in the proof of 2.5(2). It is not hard to check that M :=
(y @dx, |y €TE) < QY (where 7 = (p—1,...,p— 1)) is WOisomorphic to TP~! @ Vj
(viewed as a W% module via W° — W9 /W1 = W, = g). An isomorphism is given by
Yy ® dr,, — vP~! @ v.,. Therefore, M = Lo(wy,).

Since, as noted above, QF is a u(W, x)-module, an isomorphism Lg(wy) — M induces
a u(W, x)-homomorphism ¢ : ZX(wy,) — Qf, the image of which contains M. Now y(®)
dr, = D7% (y") @ dr,) €imy (a € A, v € T}), so ¢ is surjective. Since both modules
have dimension p" (Z), © is an isomorphism. [J

Define a linear map 6y : QX — Q. ; by

n

X® @dry) =D (Di-y) @ day Adz; =Y (-1)>lyE7D @ day
i=1 igy
(be A, v €Tg), where 7~; = {j € v|j > i}. One easily checks that the same formula is
valid for any b € Z™ with b < 7.

3.9 Theorem. ¢} is a W-homomorphism.

Proof. Let a,be A, 1 <1i<n,~ €T Itisenough to show that (5,’5(93(“)D¢-(y(b) ®dry)) =
2D, - 6X(y® ® dz.,). Using the definitions and 3.4, we get

Xz 9Dy - (y® @ dx,)) = Sy + S,

where
a+b_6i at+b—e;—e
Si =( . )Z(—l)'%f Ham ) @ dagu,
l¢y
Y &—E'+b )Ug a—e;i+b—e
S = diey Z(_l)mjl( CE—JEj ) Z (_1)|(V\ )Ubl‘y( AN l)®dx(v\i)Ule'

JEVNE IE(v\i)Uj
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(In computing Si, we have used the formula for 6} to compute (5,2‘(3/(“%_”) ® dx.). Ac-

tually, the formula might not apply if a + b —¢; ¢« 7. However, in this case, ylatb—e) —
and (GH;_“) =0 (3.1(1)), so the expression for Sy still holds. A similar statement applies

to the sum S.) Separating out the terms in S with j =i and [ = i gives S = Sy + S3 + Sy,

where
€Z+b a—e;+b—e
52—52672 lbll( a—e€ )y( @ deau,
I¢y
ifa—¢€;+Db o (a—estbees
53:52-@2(_1)|1W|( CL—j€j )(—1)VU]>Z?J( 74 @ disy,
J¢y
€j+0b i)Uj a—e;j+b—e
4—52@2 Ml( a—]e ) Z(_D'(W\ )Ubl'y( i Z)®d$(v\i)Ule'
J¢v / IgyUj

Similarly, we get
29D Xy @ dey) =T + T,

where
b—e— e |
T, = Z(_1)|v>z| (a + aEl € >y(a+b—el—a) ® dzyu,
gy
, ifa—€Fb—€\ (a—citbe
T =Y ()G 3 (—)lOU ( ot )y< ) @ da s
gy JE(YUD\i J

Separating out the terms in 7" with [ = ¢ and j = i gives T' = Ty + T5 + Ty, where

a—€ +b—€\ (a—ctbe.

15 —(5Z§Z’yz "YN | ’m( ;_6. )y( ith ’)®d£L"ij7

J¢y J

— €& +b—e¢ a—e;+b—e

T3 = 0icy Z H>l| ( 04— e l)y( itb—e) ® dz~ui,

Ig~ '

a—¢€i+b—g¢g st b—e

Ty = bicy 3 (1)1l (— 1)l |( 0t >y< ) @ da o

J\léy J

i

Therefore, it remains to verify that Sy + Sy + S3 + Sy =T, + 1o + T35 + T}.
If i ¢ v, then So = S3 =S5y =T5 =T, =0 and Ty + T» = 57 (using 3.3), so this case is
checked. Now assume i € 7. One easily checks (using 3.3 again), that

+b e
Si+ Sy =) (-1 (a 3 )y(““’ 4= @ dryy = T1 + T — Ss.
Iy
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Next,

. , o\ +b—¢€; —¢ e
S T = N (1) (— 1)l 1 |g(7\2)z(a y ) (@+b-6-) @ die
L Ti= B ) S U
J#
which is zero because the summand with j < [ cancels with the summand with [ < j.
Finally, 75 = 0 since 1 € y. [J
Set Q) = QY ker 6.

3.10 Proposition. Assume ht x =0 and let 0 < k < n.

o 5>< 5x_
(1) The sequence 0 — QF % QX L ... 5" QX — 0 is ezact.
(2) Q) has basis {y(@ @ dz,|a € A,7 € T'y,j & v} for any 1 < j < n satisfying

X(Dy) 7 0.
(3) dimp Q) =p n(mh.

Proof. First, for any a € A, v € I'y, we have

6}>€<+15X( (@) & dr.,) = § (_1)|7Ui>j|(_1)|Fy>i|y(a_6i_6j)dx’yu{iyj},
i7 .¢
iJ?'éj’y

which is zero since (—1)V=il(—1)7>il is (=1)l%! for i < j and —(=1)%! for j < .

Hence im 6 C ker d;,; and the sequence in (1) is a complex.

Fix 1 < j < n with x(D;) # 0. Now dimp Qf = p"(}) and the set in (2) has cardinality

p" (”;1), so it suffices to prove this set is linearly independent (for then the remaining

claims follow by induction on k).
Suppose Y ¢4~y ® @ dzy =0 with ¢, € F. Then
azy

J¢y
Z Z |v>z (a ) ® Ay + Z 1)|v>j\y(a*61) ® dr~y; = 0.
DT iy
JEY i#j J¢’7

From our definition of y(®) for b ¢ A, we see that the second sum is a linear combination
of (distinct) standard basis vectors, none of which appears in the first sum. Therefore,
Cay =0 for all (a,v). O

For completeness, we state the corresponding result for the restricted case ht y = —1
(i.e., x = 0) suppressing the character in the notation (so 29 becomes Q, 69 becomes dy,
etc.).
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3.11 Proposition.

(1) The sequence 0 — g % 04 LN Q, — 0 is a complex and ker 0,/ im §j,_1 is
a direct sum of (Z) copies of the trivial module F' (0 < k < n).

(2) Qx has basis U;B;, where B; = {y ) @ deyla € Ay € T, j ¢ v,a; # 0,
and fori < j,a; =0ifi¢~vanda;=p—11ifi€~}.

(3) dimp Q= (p" — 1)(",1)-

Proof. See [H, 2.2, 2.3] (cf. also [Sh, 2.1]). O

)

The complex of 3.11(1) is called the de Rham complex for W. As the proposition states,
its homology modules are direct sums of the trivial module F. We see from 3.10(1) that
when ht y = 0, the homology modules in the y-version of the de Rham complex vanish.
This vanishing might have been expected because the trivial module has character 0 and

so cannot appear as a subquotient of a module having nonzero character.

3.12 Theorem. Assume htx = 0. If 0 < k < n, then Q has as unique proper W -
submodule ker 6}, while Qf and QX have no proper W-submodules. In particular, the
W -module ﬁ: is simple for 0 < k < n.

Proof. Assume the theorem has been proved for a particular x € W* and let ® € Aut W.
We prove the theorem for the character 1 := x®. It suffices to prove the first statement
(noting that ﬁ}f is nonzero by 3.10(3)). By 3.8 and 2.5(2), we have W-isomorphisms

OF 22 7% (wy) 2 [2%(wp)]® 2 (Q)°.

If k is either O or n, this shows that QZ has no proper submodules. Assume 0 < k < n.
By 3.10, ker 5,15 is proper, and so the above isomorphism shows that it is the unique proper
submodule of Q}f

From the previous paragraph and in light of 1.2(2), we may assume that x(D;) = d;n,
(1 <i<n).

We first argue that ﬁf is simple for 0 < k < n, and for this it is enough by 2.1 to
show that this module is generated by each of its maximal vectors (using 3.10 to see that
Q) #0). Fix 0 < k < n and let v € ) be a maximal vector. According to 3.10(2) v can
be expressed in the form v = Y ¢, ,y(® @ dz, with ¢, , € F. For i < n, we have (3.7)

ay

n¢y
0=x,D, -v= Z Canq(a; + 1)yla—ente) @ dr.,.
a,y
né¢y

Therefore, ¢4, = 0 if a; # p — 1 for some i < n. Next, if 1 <1i < j <mn, then

0=2:Dj-v=)  can(~1)ly@ @ dui g0
a,”y
i,ngy
JE€Y
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Therefore, ¢, , = 0 if there exist 1 <14 < j <n with j € v, i ¢ 7. Now

80 Cqy = 0if a,, ¢ {0,p — 1}.
Summarizing, we have

V=2Cr oy Q@dr + b oy ? @ da,,

where r=(p—1,...,p—1),b=(p—1,...,p—1,0), a = (1,2,..., k).
Assume k < n — 1. Then

0= $(26n)Dn—1 U= Cb,ay(bien_1+26n) & dxon

implying cp o = 0. Therefore, v = ¢, 4y(") ® dz,. Since y(7) @ dx, generates QY it follows
that v generates ﬁ:

Finally, we consider the case K = n — 1. Since v is a weight vector and y(7) ® dz,
and y(®) ® dz,, are weight vectors having distinct weights, we have that either ¢, o = 0 or
cho = 0. If ¢y, = 0, then v generates ﬁz (using the argument above), so assume ¢, , = 0.
By 3.10(1), 6*_, induces an isomorphism Q. _; — QX, which sends v to ¢y o™ ® dZaun.
Since this last vector generates {2X, we conclude that v generates ﬁz_l. In each case, we
have seen that v generates ﬁz This finishes the proof that ﬁz is simple for 0 < k < n.

We now prove the first statement of the theorem (still assuming x(D;) = &;n). QX = Q)
and QX 2 QY| (3.10(1)), so these modules have no proper submodules. Assume 0 < k <
n. From 3.10(1) we see that Qf has composition factors Q) and ker oy = Q. Therefore,
to show that kerdy is the unique proper submodule of Qf, it suffices to show that Q)
has no submodule isomorphic to Q. Assume to the contrary that Q) =~ S < Qf. In
particular, S has a maximal vector of weight wy (since y(7) ® dz,, is such in Q). Now
QF = ZX(wy) (3.8), and 2.4(2) says each maximal vector of weight wy in ZX(wy) is of
the form 1 ® m with 0 # m € Lo(wy). Since any such vector generates ZX(wy), we get
ﬁ; >~ S = Qf contradicting, for instance, that Q) has two composition factors. This
finishes the proof. [J

4. CONCLUSION

In this final section, we assemble the preceding results and state the main theorems.
Fix y € W* and assume ht y < 1.
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4.1 Theorem. If S is a simple u(Wy, x)-module, then ZX(S) has a unique mazimal W -

submodule.

Proof. Let S be a simple u(Wpy, x)-module. If S is not Wy-isomorphic to any Lg(wg)
(0 <k <n), then ZX(S) is simple (2.6) and the theorem follows. Suppose S = Lg(wy) for
some 0 < k < n. Since Lo(wy) is a restricted Wy-module, we have x (W) = 0, implying
ht x < 0. If ht x = —1, then x = 0 (the restricted case) and the claim is well known (see,
for instance, [HN, remarks before 3.2]). If ht x = 0, then ZX(S) = ZX(wy) = Qf (3.8), and
the theorem follows from 3.12. [

For a simple u(Wy, x)-module S, let LX(.S) denote the quotient of ZX(.S) by its unique
maximal W-submodule (4.1). If ht x < 0, we write LX(Lo(A)) more simply as LX(\)
for A € A. For completeness, we begin the description of the simple modules with the
well-known restricted case ht x = —1 (i.e., x = 0) (again suppressing the character in the
notation as in 3.11). The theorem is due to G. Shen.

4.2 Theorem.

(1) There are p™ distinct (up to isomorphism) simple uw(W)-modules. They are repre-
sented by {L(\) |\ € A}.

(2) L(\) = Z()\) if and only if X & {wo,...,wn}. For 0 <k <n, we have L(wy) = Q.

(3) If A € A is not exceptional, then dimp L(A) = p" dimp Lo(A), while dimp L(wy) =
(";1) (p" —1) for 0 < k <n, and L(wy,) is the one-dimensional trivial module.

Proof. See [Sh, Theorem 2.1]. Note that 2.6 gives one direction in the first statement of
(2). The proof in [Sh] of the second statement of (2) depends heavily on the grading of
the module Q. For a proof that does not use the grading and that is more along the lines
of the proof of 3.12, see [N, Theorem 2.5.3]. O

4.3 Theorem. Assume htx = 0.

(1) There are p™ — 1 distinct (up to isomorphism) simple u(W, x)-modules. They are
represented by {LX(\) | X € A, X # wy,}. We have LX(wy,) & LX(wp—1).

(2) LX(\) = ZX(\) if and only if X ¢ {wi,...,wp—1}. For 0 < k < n, we have
LX(wy) = Q.

(3) If A € A is not exceptional, then dimp LX(\) = p™ dimp Lo(\), while

n—1
" , 0<k<
dimp LX(wy) = { p ( k ) = n
p", k=n.

Proof. (2) If A € A is not exceptional, then LX(\) = ZX(\) by 2.6. For 0 < k < n, 3.8 says
ZX(wy) = QF, and this latter module is simple if and only if £ € {0,n} by 3.12. Moreover,
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for 0 < k < n, 3.12 says ﬁ?{( is simple, and, since ﬁz is a homomorphic image of QY (and
hence of ZX(wy,)), we have Q) = LX(wy,).

(1) Since ht x = 0, we have x(Wy) = 0. Therefore, every simple u(Wy, x)-module is
restricted and hence isomorphic to Ly(\) for some A € AX = A. It now follows from 2.2
that every simple u(W, x)-module is isomorphic to LX(X) for some A € A.

Using part (2), 3.8, and 3.10(1), we have LX(wy,) = ZX(w,) = QX = Q| 2 LX(w,_1).
Therefore, it suffices to show that there are at least p™ — 1 pairwise nonisomorphic simple
u(W, x)-modules. Since u(W, x®) = w(W,x) for any ® € Aut W, it follows from 1.2(2)
that we may assume x(D;) = 0;, (1 <7 < n).

Let A € A and assume \ is not exceptional. Then LX(\) & ZX(\) by part (2). Now
2.4(2) says every maximal vector of ZX(\) is of the form 1 ® m, where m is a maximal
vector of Ly(A). Since Ly(A) has a unique maximal vector (up to scalar multiple) and the
weight of this vector is A, we conclude that the same must be true for LX(\). On the other
hand (and here is where we use the assumption that x(D;) = d;,), the proof of 3.12 shows
that if £ < n—1, then every maximal vector in ﬁ: is a scalar multiple of y(7) ® dz,, which
is easily seen to have weight wy, while ﬁﬁ_l has two linearly independent maximal vectors,
namely y(") @ dz, and y®) @ dz,. In light of the fact that LX(wy) = Q) for 0 < k < n
(by part (2)), we deduce that the W-modules LX(\) with A € A, A\ # w,, are pairwise

nonisomorphic.

(3) The first part follows from the fact that LX(X) = ZX(\) for nonexceptional A\. The
second part follows from (2), 3.10(3), and (1). O

4.4 Theorem. Assume htx = 1. Let {S|S € S} be a set of representatives for the

isomorphism classes of simple uw(Wy, x)-modules.

(1) There are |S| distinct (up to isomorphism) simple w(W, x)-modules. They are rep-
resented by {LX(S)|S € S}.

(2) For each S € S, we have LX(S) = ZX(S).

(3) We have dimp LX(S) = p"dimp S (S € S).

Proof. (2) This is the last statement of 2.6.

(1) By 1.2(3), 2.5(1), and part (2) of this theorem, we may assume x(W_1) = 0. Then
u(W, x) is a graded algebra with grading induced by the grading on W and, as such,
satisfies the assumptions on the algebra A in [HN] (the argument in Example 3 of Section
2 there carries over to u(W, x)). Then 3.2 of that paper establishes the claim. (Incidentally,
the fact that each simple u(W, x)-module is isomorphic to LX(S) for some S € S follows

also from 2.2 above.)
(3) This is clear from (2). O
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